Let A be a commutative ring and let E be an Amodule with a finite free resolution (see below for definition). Extending results known previously for noetherian rings, it is shown that ann(£) = annihilator of E is trivial if and only if the Euler characteristic of E = x(E)>0; in addition, if x(£)=0, ann(£) is dense (i.e. ann(ann(E)) =0). Also, a local ring is constructed with its maximal ideal with a finite free resolution but consisting exclusively of zero-divisors and thus, contrary to the noetherian case, one does not always have a nonzero divisor in ann(E) if x(E)=0. Finally, if E has a finite resolution by (f.g.) projective modules it turns out that ann(ann(£)) is generated by an idempotent element.
For a commutative
ring A, an ^4-module E has, we recall, a finite free resolution if there is an exact sequence (*) 0-»F.-»->F1-^F0->£->0
where each F,-is A -free with a basis of cardinality rk(Fi)< <». The integer vCE) = T^Ln (-i)*rk(Fi) is independent of the resolution (see [2] , which we shall use as reference) and it is called the Euler characteristic of E.
It has been shown that the positivity of x(-E) ¡s closely related to the faithfulness of E as an A -module. In fact, Auslander and Buchsbaum [l, Proposition 6.2] proved that if A is noetherian : (i) If x(-E) > 0 then annihilator of E = ann(E) = (0).
(ii) If x(E) = 0 then ann(£) contains a nonzero divisor. Kaplansky in [2, p. 141 ] asks whether the chain conditions are needed at all. The purpose of this note is to show that the techniques there suffice to prove that in general we have:
An example of a local ring will show that (b) is best possible, i.e. that ann(£) does not contain always a nonzero divisor.
2. For the proof we recall some points from [2, p. 139]: (i) If 5 is a multiplicative set in A, then x(Es) = x(E).
(ii) Let A be a local ring in which every finitely generated ideal has a nontrivial annihilator; then any A -module with a finite free resolution is actually free. In this case, for brevity, we shall say that A is a 0-ring.
(a) Assume x(E)>0 and O^aEann(E). Let J = ann(a) and let P be a prime ideal minimal over J. Then, localizing at P we get that Jp^Ap is the annihilator of aAP and so ap^O-Also, PAP is minimal over Jp and thus every finitely generated ideal I oí Ap has a power InQJp and so Inap= (0); it follows easily that AP is a 0-ring. Thus
Ep is free of rank x(E) >0 and so ann(£p) = (0) = (a.nn(E))PZ)aAp, a contradiction.
Hence ann(£) = (0).
(b) Let F(E) be the 0th Fitting invariant of E, i.e. if a in (*) is an rXm matrix, F(E) is the ideal of A generated by the mXm minors of a. We know that (ann(£))mCF(E) Cann(E).
In particular we have ann(ann(£)) = (0) iff ann(F(£)) = (0). Ann(£(£)) is easier to work with since F(E) is finitely generated and so its annihilator "localizes."
Assume then 0p*a£ann(£(.E)) and write 7 = ann(a). Let P be a prime ideal minimal over J. Jp^Ap implies ap^O and Ap is a 0-ring. As X(EP) = X(E) = (0), EP=(0) and F(E)P = F{EP)=AP, a contradiction again. This concludes the proof.
3. An ideal / with the property of ann(£) of (b) above, that is ann(7) = (0), is called dense. As it is well known, whether in general it contains a nonzero divisor depends on what the maximal rational extension of A looks like. We consider here an example of an ideal in a local ring, with projective dimension one, but in which every element is a zero divisor.
Let Notice that M is an ideal of A, M2 = (0) and that A is a local ring with maximal ideal P generated by x, y. Observe also that every element of P is a zero divisor. We claim that proj dim P = 1. Since x, y is a regular sequence in R, the first relation says that (a¡¡, b0) is a unique £-mul tiple of (y, -x). As for the other relations, since x, y cannot be both zero in k{P) and this last is a field, (ap, bp) must be a unique ¿(P)-multiple of (y, -x). Thus L-A(y, -x) and proj dim P = 1.
4. Corollary. Lei A be a commutative ring and let
¿>e a projective resolution of E where the E{'s are finitely generated. Then ann(ann(£)) is generated by an idempotent element.
Proof. For each prime ideal P, let r(P) =x(EP); since, for each i, rk((Ei)p) defines a continuous function from Spec ^4->{Z+dis-crete topology}, r(P) is also a continuous function. Let F(E) be the Oth Fitting invariant of E and write J = ann(F(£)); then, for each prime P, Jp = ann(F(£p)) and is, by the Theorem, either AP or (0) -depending on whether r(P)>0-or = 0. This says that A/J is a flat A -module (cyclic) with support an open set of Spec A. According to [3, p. 506 ] A/J is A -projective and so / is generated by an idempotent. It is clear that / = ann(ann(£)).
